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Bogomolov ( ) Calabi-Yau
3
[Be 1] $X$ $K_{X}$
$X$ $\pi$ : $X^{f}arrow X$
$X’=T \cross\prod V_{i}\cross\prod X_{j}$
$T$ $V_{i}$ 3 $K_{V_{i}}=0$ ,
$h^{p}(V_{i}, O_{V_{\mathfrak{i}}})=0(0<p<\dim V_{i})$ ,
$\pi_{1}(V_{i})\cong 1$ $X_{j}$ $\Omega$





3 $V$ Calabi-Yau 3-fold :
(1) $K_{V}=0$
(2) $h^{1}(V, O_{V})=0$ .
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$(iV)$ Calabi-Yau 3-fold $X$ $X/G$
1 $***$ (1) Calabi-Yau 3-fold ?
(2) Calabi-Yau 3-fold ?
Calabi-Yau 3-fold 1
(Friedman [Fr]) $X$ Calabi-Yau 3-fold, Ci $(1 \leq i\leq n)$







[Ci] $C_{i}$ 2- $[C_{1}],$
$\ldots,$
$[C_{n}]$ $H_{2}(X, Q)$
$(\alpha_{1}, \ldots, \alpha_{n})\in(Q-\{0\})^{n}$ $\Sigma\alpha_{i}[Ci]=0$
$\overline{X}$ smoothing $Y$ $Y$ 3 $K_{Y}=0$ ,







Calabi-Yau 3-fold Friedman 3-fold
Reid $s$ fantasy Calabi-Yau 3-fold
$X$ $(-1,-1)$- 1
:





$\backslash$ b2 $(\overline{X})=b_{2}(X)-1$ (
) $\overline{X}$ Def(X) 2 $S_{1},$ $S_{2}$
$\dim S_{1}=\dim$Def(X) $+$ 2,
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$\dim S_{2}=\dim$Def(X) $+$ l
$\overline{X}$
$S_{1},$ $S_{2}$ 2 smooth-
ing $Y_{1},$ $Y_{2}$ :
$b_{2}(Y_{1})=b_{2}(X)-1,$ $b_{2}(Y_{2})=b_{2}(X)-1$
$b_{3}(Y_{1})=b_{3}(X)+4,$ $b_{3}(.Y_{2})=b_{3}(X)+2$ .
2 $**$ Calabi-Yau 3-fold Calabi-
Yau 3-fold ?
smoothing 2
(a) 2 $P^{2}$ Calabi-Yau 3-fold $X$
Adjunction formula $P^{2}$ $O(-3)$ $P^{2}$ 1 $p$
$\pi:Xarrow\overline{X}$
$(X,p)$ $1/3(1,1,1)$ -
Schlessinger ([Sch]) $(X, p)$ (rigid)
$\overline{X}$
(b) 1 $P^{1}$ $(-1,-1)$ - Calabi-Yau 3-fold $X$
$\pi:Xarrow\overline{X}$
$P^{1}$ 1 $P$ $(\overline{X},p)$ 2





([Na-St], [Na 2]) $X$ Calabi-Yau 3-fold
:
(i) $X$ Def(X)
(ii) $X$ 2 Calabi-Yau 3-fold
(iii) $X$ $Q$- $X$ Calabi-Yau 3-fold
3
$3^{**}$ $X$ Calabi-Yau 3-fold Sing(X) $=$
{Pl, ..., Pn} :




(i), (ii) (iii) $([Na1])$ :
(iii) Def(X, pi)
Calabi-Yau
2 Calabi-Yau Rollenske-Thomas [R-T]
4 $**$ 4 Calabi-Yau Reid $s$ fantasy
Reid $s$ fantasy Calabi-Yau 3-fold
5 $**$ Calabi-Yau 3-fold
$H:=\{1, -1, i, -i,j, -j, k, -k\}$
Calabi-Yau 3-fold $X$
(a) Beauville ([Be 2]) : $H$ $V(\dim V=8)$ $P(V)$
4 2 $X$ $H$ $X$
(b) ([Ha]): $H$ 2 3 $S^{3}$
$S^{3}/H$ 3 $Y$
$Y$ Calabi-Yau 3-fold $X$
2 $4$ $48$ 120 2 Calabi-Yau 3-fold
?
6 $***$ Calabi-Yau 3-fold (
$)$ ?
$X$ 3 $A$ Calabi-Yau 3-fold
$X$ $X$





$B(X)$ $:=$ { $Y$ : $Y$ X Calabi-Yau 3-fold} $/\sim iso$
8 $***$ $B(X)$ ?
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$h^{p}(X, O_{X})=\{\begin{array}{ll}1 (p:lffi\Re 0\leq p\leq\dim X)0 (\text{ } f\{!i)\end{array}$
(iii) $\pi_{1}(X)=1$ .
Calabi-Yau 3-fold
4 $1$ ) $-4)$
$\dim X=2$ $X$ $K3$
$\dim X$ $\geq$ 4( $[Fu]$ Beauville [Be 2], O’Grady $[O’ G1],$ $[O’ G2]$ )
1 $)$ $S$ K3 $S^{[r]}$ $S$ $r$ Douady
$S^{[r]}$ $2r$
2 $)$ $T$ 2
$\mu$ : $T^{[r+1]}arrow T((t_{1}, \ldots, t_{r+1})arrow t_{1}+\ldots+t_{r+1})$
$K_{r}(T):=\mu^{-1}(0)$ $2r$ o
3 $)$ $S$ Pic(S) $=Z$ K3 $S$ 2
$c_{1}=0,$ $c_{2}=4$ $M$
$\pi$ : $\overline{M}arrow M$ $\tilde{M}$ 10
4$)$ $J$ 2 $M$ $J$ 2
$c_{1}=0,$ $c_{2}=2$ $M$
$\pi$ : $\tilde{M}arrow M$
$f$ : $Marrow J\cross J^{*}([E]arrow(c_{2}(E)-c_{2}(E_{0}), det(E)\otimes det(E_{0})^{-1}))$
$\mu:=\pi\circ f$ $X:=\mu^{-1}(0)$ 6
9 $**$
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Reid $s$ fantasy $X$




2 $H^{2}(X, Z)$ $(3, b_{2}-3)$ 2 $($ , $)$
(Beauville, Bogomolov, )
$H^{2}(X, C)=H^{2,0}\oplus H^{1,1}\oplus H^{0,2}$
$[\Omega]\in H^{2,0},$ $(\Omega)^{2}=0,$ $(\Omega,\overline{\Omega})>0$ $(H^{2}(X, Z), (, ))$
$(L, < , >)$ 1 (marking)
$\alpha:H^{2}(X, Z)\cong L$
$L_{C}:=L\otimes C$ $P(L_{C})$ $\mathcal{D}$
:
$\mathcal{D}:=\{x\in P(L_{C});x^{2}=0, x\overline{x}>0\}$ .
$\mathcal{M}_{L}$ $(X, \alpha)$ $\mathcal{M}_{L}$
$(x, \alpha)\in \mathcal{M}_{L}$ $[\Omega]\in \mathcal{D}$
$p:\mathcal{M}_{L}arrow \mathcal{D}$
K3 :
(Piatetski-Shapiro, Shafarevich, Todorov, Siu...)
K3 :
(1) $p$






$([Na5])$ $T$ 2 $\tau*$ $T$
$X:=K_{2}(T),$ $X^{f}:=K_{2}(T^{*})$ $\alpha,$ $\alpha’$ $p(X, \alpha)=$
$p(X^{f}, \alpha^{f})$ $T$ $X$ $X’$
Torelli ML non-Hausdorff
points $\mathcal{M}_{L}^{0}$ $P^{0}:=p|_{\Lambda 4_{L}^{0}}$ 2
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1: $\mathcal{M}_{L}^{0}$ $p^{0}$ generic $n$ :1 $(n>1)$
2 : $\mathcal{M}_{L}^{0}$ $\Omega$ generic 1 :1
Verbitsky [Ve]
2 generalized Kummer
4 $(X, \alpha),$ $(X, -\alpha),$ $(X’, \alpha’),$ $(X’, -\alpha’)$
2 $\mathcal{M}_{L}^{0}$
4 [Ve] Markman [Ma]
$S$ $K3$ $S^{[r]}$
$r-1$
$p(X, \alpha)=p(X’, \alpha’)$ $X$ $X’$
1 $0^{**}$ (1) Generalized Kummer $\mathcal{M}_{L}$
?
(2) O’Grady (6 10 ) Torelli
?
11 $***$ 2 $(X, \alpha),$ $(X’, \alpha’)$
$D^{b}$ (Coh $(X)$ ) $\cong D^{b}$ (Coh $(X’)$ )?
:




$f,$ $f’$ $X,$ $X’$ $Y$
$Co\dim_{X}$Exc(f) $\geq 2,$ $Co\dim_{X’}$Exc$(f’)\geq 2$
$\rho$ $\rho(X/Y)=\rho(X’/Y)=1$ $D$
$f$-negative (X ) $D’$ $f’$-ample
(symplectic flop)
12 $**$ Symplectic flop ?
symplectic flop :
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$G$ $g$ $G$ $P$ $G$
$G/P$ $T^{*}(G/P)$
$\mu_{P}:T^{*}(G/P)arrow g^{*}$





$\overline{O}$ Springer $\overline{O}$ Springer
:
$T^{*}(G/P)arrow Oarrow T^{*}(G/P^{f})$ .










$D_{2n+1},$ $E_{6,I},$ $E_{6,II},$ $B_{n},{}_{r}C_{n,r},$ $D_{n,r}$
$([Na6]$ , [Na 7] $)$
1 $3^{**}$ $Xarrow Yarrow X’$ Fourier-
Mukai
$D^{b}$ (Coh $(X)$ ) $\cong D^{b}$ (Coh(X’))








$S^{[2]}$ ( $S$ :K3 )
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dcg $=2$ ( $O$ ‘Grady $[O’ G3]$ ) : $P^{5}$ EPW 6 2
$\deg=6$ (Beauville-Donagi [Be-Do]): $P^{5}$ 3 $V$ $V$
Hilbert scheme $F(V)$ $F(V)$ 6
dcg $=22$ Debarre-Voisin $[D-V]$ $\deg=38$
Iliev-Ranestad [I-Rl
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